The three-body continuum Coulomb problem is treated in terms of the generalized parabolic coordinates. Approximate solutions are expressed in the form of a Lippmann-Schwinger type equation, where the Green's function includes the leading term of the kinetic energy and the total potential energy, whereas the potential contains the non-orthogonal part of the kinetic energy operator. As a test of this approach, the integral equation for the (e − , e − , He ++ ) system is solved numerically by using the parabolic Sturmian basis representation of the (approximate) potential.
I. INTRODUCTION
The three-body continuum Coulomb problem is one of the fundamental unresolved problems of theoretical physics. In atomic physics, a prototype example is a two-electron continuum which arises as a final state in electron-impact ionization and double photoionization of atomic systems. Several discrete-basis-set methods for the calculation of such processes have recently been developed including convergent close coupling (CCC) [1, 2] , the Coulomb-Sturmian separable expansion method [3, 4] , the J-matrix method [5] [6] [7] . In all these approaches (see also [8] ) the continuous Hamiltonian spectrum is represented in the context of complete square integrable bases. Despite the enormous progress made so far in discretization and subsequent numerical solutions of three-body differential and integral equations of the Coulomb scattering theory, a number of related mathematical problems remain open. Actually, the use of a product of two fixed charge Coulomb waves for the two outgoing electrons as an approximation to the three-body continuum state is typical of these approaches. As a consequence, a long-range potential appears in the kernel of the corresponding Lippmann-Schwinger equation. Since this integral equation is non-compact, its solution therefore is divergent as the size of a L 2 basis used to describe the potential is increased. Note that a renormalization approach can not cure this problem.
A theoretical treatment of Coulomb breakup problems (which does not require screening or any regularization) has been recently suggested by Kadyrov et al. [9] .
In several papers [10] [11] [12] a new approach for solution of the three-body continuum
Coulomb problem was introduced. The development of the method is chiefly based upon the fact that the asymptotic wave operator, which determines the wave function behavior when all interparticle distances are large (in the Ω 0 domain), is separable in terms of generalized parabolic coordinates [13] . The parabolic coordinate eigenfunctions of the asymptotic wave operator which satisfy the Redmond's conditions [14] in the asymptotic domain Ω 0 are expressed in terms of a product of three two-body Coulomb functions, each depending of one parabolic coordinate. These functions, often called the C3 (or BBK) wave functions [15] [16] [17] , are successfully used as the final-state wave functions for calculating cross sections for electron-impact ionization and double photoionization of helium [18] [19] [20] . In [11] it has been proposed to use an integral equation of a Lippmann-Schwinger type to construct an approximate solution that describe three charged particles moving in the three-body con-tinuum. In this integral equation the Green's function in the whole configuration space (and not just in the domain Ω 0 ) is approximated by the inverse of the asymptotic wave operator. In turn, the well-known non-orthogonal part of the kinetic energy operator, which represents the difference between the total and asymptotic wave operators, plays the role of the potential. Asymptotic behavior of solutions is determined by the inhomogeneous term which is given by the C3 wave function.
To test the practicality of the Lippmann-Schwinger equation approach, we restrict ourselves to the so-called outgoing approximation [21] , which assumes that the sought-for solution (as well as the inhomogeneity) depends only on the parabolic coordinates ξ j , j = 1, 2, 3, and therefore the approximate potential operator contains only the terms which involve the mixed derivatives ∂ 2 /∂ξ l ∂ξ s , l = s. In this work we address the question of compactness of the kernel of the integral equation. Any compact operator may be approximated arbitrary
closely by an operator of finite rank. In order to study the properties of the kernel we choose the parabolic Sturmian basis set [22] and construct a sequence of separable kernels. Then to check the existence of a limit of this sequence we examine the convergence behavior of the first few expansion coefficients of the solution as the basis set is increased. The coefficients are found to exhibit oscillations whose amplitude does not decrease as the number of terms in the representation of the potential grows. This result is similar to the Gibbs' phenomenon known from Fourier analysis (see, e. g., [23, 24] ), where the oscillation of an approximant about the exact function (which possesses a discontinuity) is a consequence of the abrupt truncation of the Fourier sum. In order to avoid or at least to reduce the Gibbs' phenomenon, smoothing procedures are used that attenuate the higher order coefficients [23, 24] . In this paper, we use the Lanczos smoothing factors, introduced in the potential separable expansion (PSE) method [25] (see also [26] and references therein), in constructing the basis set representations of the potential. 
II. THEORY
We consider three particles of masses m 1 , m 1 , m 3 , charges Z 1 , Z 2 , Z 3 and momenta k 1 ,
The Hamiltonian of the system in the center of mass frame is given bŷ
where r ls denotes the relative coordinates
R and r are the Jacobi coordinates
The reduced masses are defined as
In the Schrödinger equationĤ
the eigenenergy E > 0 is given by
where K and k are the momenta conjugate to the variables R and r. Substituting Φ = e i(K·R+k·r) Ψ (7) into (5), we arrive at the equation for the reduced wave function Ψ
Leading-order asymptotic terms of Ψ in the Ω 0 domain are expressed in terms of the generalized parabolic coordinates [13] ξ 1 = r 23 +k 23 · r 23 , η 1 = r 23 −k 23 · r 23 , ξ 2 = r 13 +k 13 · r 13 , η 2 = r 13 −k 13 · r 13 ,
where
is the relative momentum,k ls = k ls k ls , k ls = |k ls |. The operator in the square brackets, denoted byD, can be decomposed into two terms [13] 
where the operatorD 0 contains the leading term of the kinetic energy and the total potential
for j = l, s and l < s,
Here
. The operatorD 1 represents the remaining part of the kinetic energy [13] which in the case of the (e − , e − , He ++ ) = (123) system with m 3 = ∞ takes the
where u ± j =r ls ∓k ls .
The asymptotic behavior of solutions Ψ is determined by the operatorD 0 . In particular, there exist solutions to the equationD
which satisfy the Redmond conditions in Ω 0 . These solutions are well-known the C3 wave functions. Ψ C3 is expressed in terms of a product of three Coulomb waves. For example, Ψ C3 with pure outgoing behavior is written as
In turn,D 1 is regarded as a perturbation which does not violate the asymptotic conditions [13] .
Our goal is to construct an approximate solution Ψ of (8) that satisfies the boundary condition (17) in the asymptotic Ω 0 domain. For this purpose, we rewrite (8) in terms of the operatorsĤ
andV
after multiplying on the left by
Thus, given the Green's function operatorĜ =Ĥ −1 , we can take into account the nonorthogonal termD 1 of the kinetic energy operator (which is larger than the total potential in the "inner zone" [27] ) by putting it into the kernel of the Lippmann-Schwinger type equation:
Green's functions
Based on the fact that the original operatorD 0 is separable in the parabolic coordinates (9) , the inverse of the six-dimensional operatorĤ (18) can be expressed as a convolution of the three two-dimensional Green's function operatorsĜ (±) j whose kernels
satisfy the equations
In view of (18) the separation parameters C j are subject to the condition
In (23) and (24) we introduced auxiliary variables:
The technique presented in [28] can be employed to derive useful forms for the twodimensional Green's function. For example, G (±) j can be expressed in the form (for simplicity we omit the indices):
I ν (z) is the modified Bessel function of order ν [29] .
The resolvent ofĤ standard representation [30] involves integration along two contours which encircle the spectra of two of the wave operatorsĥ j , j = 1, 2, 3. In the paper [12] an integral representation ofĤ −1 suitable for numerical computation has been proposed (see below).
III. PARABOLIC STURMIANS APPROACH
If the kernelĜV is compact, then the integral equation (22) can be solved by, e. g., the algebraic method in which the potentialV is approximated by operators of finite rank. For the expansion ofV we use a set of square-integrable parabolic Sturmian functions [22] 
The basis functions (30) , (31) are parametrized with a separate Sturmian exponent b j for each pair {ξ j , η j }, j = 1, 3. Thus, the operatorV is represented by its projectionV N onto a subspace of basis functions, 
which has the solution 
where C = V a.
Green's function matrices
To construct the six-dimensional Green's function matrix G, we need the two-dimensional Green's function (27) matrix with elements
Inserting (27) into (36), we obtain after some simple but tedious algebraic manipulations
The elements G
, j = 1, 3 are used in obtaining the matrix G of the sixdimensional Green's function operatorĜ. It has been shown in [12] that, e.g., G (+) can be represented in the form of a double integral over the complex variables E 1 and E 2 along straight-line paths (see Figure 1 ), on which E 1 , E 2 are parametrized by
where E 1 , E 2 are real and −π < ϕ < 0. Namely, we have
Here E 3 is given by
as follows from (25) and (26) .
Aside from the replacementV →V N , we make an approximation, which consists in ignoring the correct boundary conditions in two-body asymptotic domains (the asymptotic behavior of the C3 wave function in the neighborhoods of the regions Ω j , j = 1, 2, 3 has been obtained in [31] ).
Further approximations are introduced in the treatment of the potential operator.
The potential operator
As an example of a three-body Coulomb system above the threshold for total break-up, we consider a final state for double ionization of helium. Thus, the potentialV is given by (20) and (14) . In order to calculate the matrix ofV in the basis (29), we need to express (14) in terms of the parabolic coordinates. From (9), it is easy to obtain
Whereas, evaluation of matrix elements of scalar productsr i j ·k l s with {i, j} = {l, s} in the general case requires the inversion of the transformation (9) . This (numerical) procedure is reduced to finding roots of a quartic polynomial (see, e. g., [21] ). Thus, it might appear that the corresponding Cartesian coordinates r ls are complex. To simplify matters, we take 
Thus, the matrix of the potential operatorV can be constructed in closed form without the need for numerical integration. However, it should be noted that in the domains of 
as well as of (46), are bounded by 1. Thus we obtain the approximate formulâ
Further, we take into account only the mixed derivatives ∂ 2 /∂ξ 1 ∂ξ 3 and ∂ 2 /∂ξ 2 ∂ξ 3 . Thus, in our calculations, we use the potential
which corresponds to the outgoing approximation [21] .
The inhomogeneity
The expansion coefficients a 
The constant factor
is omitted below for simplicity, so that we consider the "reduced" coefficients
IV. RESULTS FOR THE (e − , e − , He ++ ) SYSTEM Let us consider the case of a back-to-back electron emission with equal energy sharing.
We put k ls = k = 1.5 and choose the values of the exponents b j in the basis to be equal to the wave number, i. e., b j = b = 1.5, j = 1, 2, 3.
We use the single basis function ψ 0 (31) for the parabolic coordinates η j and up to sixteen functions for each of the three coordinates ξ j in the potential operator expansion (32). Thus, 
The optimal value for the parameter α in (55) is α ≈ 3. The convergence behavior of the coefficient [a] 0 (n j = m j = 0, j = 1, 2, 3) as the number N is increased is presented in Figure 4 . Note that such a simple remedy allows one to achieve convergence in the framework of the algebraic approach to two-particle scattering problems provided that the long-range part of the Hamiltonian is included into the "free" Green's function. The results for the first few coefficients [a] N are shown in Table I . In this calculation we obtained adequate convergence by including N ≈ 15 basis functions (31) for the coordinates ξ j , j = 1, 2, 3.
V. CONCLUSION
The three-body continuum has been treated in terms of the generalized parabolic coordinates. A back-to-back electron emission from helium atom has been chosen as an example. is a bounded operator. However, the change of variables r 13 , r 23 → ξ j , η j , j = 1, 2, 3 (9) transforms this operator into an unbounded one. Actually, the kernel of the operatorD 1 grows without bound in the regions Ω 1 and Ω 2 . On the other hand, the triangle inequality for the vectors r 13 , r 23 is violated in these regions and therefore there does not exist a region in the real Cartesian coordinate system which corresponds to Ω 1 or Ω 2 . Hence, this problem is cured by defining the kernel ofD 1 in the regions Ω 1 and Ω 2 in an appropriate way (e. g., by setting the kernel equal to zero in these regions). For this purpose, we have approximated N n 1 = n 2 = n 3 = 0 n 1 = 1, n 2 = n 3 = 0 n 1 = n 2 = 0, n 3 = 1 0 1.00000000 + i0.00000000 0.33332667 − i1. 
